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After a brief review, in the first part, of some relevant analyticity properties of the loop-loop scattering 
amplitudes in gauge theories, when going from Minkowskian to Euclidean theory, in the second part 
we shall see how they can be related to the still unsolved problem of the s-dependence of the hadron- 
hadron total cross-sections. 


1 Loop-loop scattering amplitudes 


Differently from the parton-parton scattering amplitudes, which are known to be affected 
by infrared (IR) divergences, the elastic scattering amplitude of two colourless states in 
gauge theories, e.g., two qq meso n states, is expected to be an IR-finite physical quan¬ 
tity. It was shown in Refs. l^lEI high-energy meson-meson elastic scattering 

amplitude can be approximately reconstructed by first evaluating, in the eikonal approx¬ 
imation, the elastic scattering amplitude of two qq pairs (usually called ''dipoles”), of 
given transverse sizes Ri± and R2± respectively, and then averaging this amplitude over 
all possible values of Ri± and R2± with two proper squared wave functions |V’i(^i±)P 
and |V’2(-R2±)P> describing the two interacting mesons. The high-energy elastic scat¬ 
tering amplitude of two dipoles is governed by the (properly normalized) correlation 
function of two Wilson loops Wi and W2, which follow the classical straight lines for 
quark (antiquark) trajectories: 


Ri^,R2l) = -i 2s 
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where s and f = — |q_Lp (q_L being the transferred momentum) are the usual Mandelstam 
variables. More explicitly the Wilson loops Wi and W2 are so defined: 
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where V denofes fhe "path ordering” along the given path C and A^ = Ci and 

C2 are two rectangular paths which follow the classical straight lines for quark (r), 
forward in proper time r] and antiquark [A(_)(r), backward in r] trajectories, i.e.. 


Cl ^ = z^ + ^r±^, 


( 3 ) 









and are clos ed b y straight-line paths at proper times r = ±T, where T plays the role of 

an IR cutoffSEI which must be removed at the end (T ^ oo). Here pi and p 2 are the 
four-momenta of the two quarks and of the two antiquarks with mass m, moving with 
speed (5 and —(5 along, for example, the x^-direction: 

Pi = m(cosh sinh 0,0), 

P 2 = m(cosh^,-sinh^,0,0), (4) 

where x = 2 arctanh/3 > 0 is the hyperbolic angle between the two trajectories (+1) 
and (+2). Moreover, Ri = (0,0,-Rix), R 2 = (0,0, ^ 2 ±) and z = (0,0, z_l), where 
zx_ = (z^, z^) is the impact-parameter distance between the two loops in the transverse 
plane. 

The expectation values (WiyV 2 ), (Wi), (yV 2 ) are averages in the sense of the QCD 
functional integrals: 

{0[A]) = ^J[dA] det(Q[^])e*^-^0[^], (5) 


where Z = 


J [dA] det(Q[A])e*'^'^, Sa is the 


pure-gauge (Yang-Mills) action and Q [A] 

is the quark matrix. 

It is convenient to consider also the correlation function of two Euclidean Wilson 
loops Wi and W 2 running along two rectangular paths Ci and C 2 which follow the fol¬ 
lowing straight-line trajectories: 
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and are closed by straight-line paths at proper times r = ±r. Here Rie = (0, 0), 

R 2 E = (0, .R 2 ±; 0) and ze = (0, .?l, 0). Moreover, in the Euclidean theory we choose 
the four-vectors piE and p 2 E to be: 

9 9 

Pie = m(sin-,0,0,cos-), 

9 9 

P 2 E = m(-sin-,0,0,cos-), (7) 

6 e (0, vr) being the angle formed by the two trajectories (+1) and (+2) in Euclidean 
four-space. 

Eet us introduce the following notations for the normalized loop-loop correlators in the 
Minkowskian and in the Euclidean theory, in the presence of sl finite IR cutoff T: 

Qm{x] T'i Ri±, R2±) = 


(wP)(wfV 

{wPwP)e 
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Qe{0] T; z±, Ri±, R2±) 


( 8 ) 








where the expectation values are averages in the sense of the Euclidean functional 

integrals: 

Zl®> = ») 

As already stated in Ref. El the two quantities in Eq. (jSll (with x > 0 0 < 0 < tt) are 

expected to be connected by the same analytic continuation in the an guly variables and 

in the IR cutoff which was already derived in the case of Wilson linesM^^E] j e.: 

Qe{0-, T] z^,Ri^,R2i_) = Qm{x^ iO', T ^-iT] ze,Rie,R21.), 

Gm{x', T', z±,Ri±,R2±) = Ge{ 6 ^-iX] T^iT; z±,Ri±,R2±). (10) 

Indeed it can be proveci^ simply by adapting step by step the proof derived in Ref.Elfrom 
the case of Wilson lines to the case of Wilson loops, that the analytic continuation dloj is 
an exact result, i.e., not restricted to some order in perturbation theory or to some other 
approximation, and is valid both for the Abelian and the non-Abelian case. This result is 
derived under the assumption that the function Gmj as a function of the complex variable 
X, is analytic in a domain Dm which includes the positive real axis (Rex > 0, Imx = 0) 
and the imaginary segment (Rex = 0,0 < Imx < and, therefore, the function Ge, 
as a function of the complex variable 6, is analytic in a domain Ve = {0 ^ C \ i6 £ 

Rm}, which includes the real segment (0 < Re0 < 7r,Im0 = 0) and the negative 

imaginary axis (Re0 = O,Im0 < 0). T he vali dity of this assumption is confirmed by 

explicit calculations in perturbation theor}0^1^. Eq. (fltll is then intended to be valid for 
every x £ Rm (i-e-, for every 9 £ Ve)- 

As we have said above, the loop-loop correlation functions ®, both in the Minkow- 
skian and in the Euclidean theory, are expected to be IR-finite quantities, i.e., to have 
finite limits when T —>■ oo, differently from what happens in the case of Wilson lines. 
One can then define fhe following loop-loop correlation functions wifh fhe IR cufoff 
removed: 


f'Ar(Xi ; ^2^ ) 

Ce{9; z±,Ri±,R2±) 


lim 

T—>oo 

lim 

T^oo 


Qm{x', T; z±,Ri±,R2±) - 1 
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If has been proved in Ref. El thaf, under cerfain analyficify hypofheses in fhe complex 
variable T [hypofheses which are also sufficienf fo make fhe relations (m meaningful], 
fhe fwo quantifies (fTTl . obfained after fhe removal of fhe IR cufoff (T —> oo), are sfill 
connecfed by fhe usual analytic confinuafion in fhe angular variables only: 


Ce{0] z±,Ri±,R2±) = Cm{x ^z±, Ri±, R2±), 

Cuix; z±,Ri±,R2±) = Ce{0 -ix; z±,Ri±,R 2 ±). (12) 

This is a highly non-frivial resulf, whose general validify is discussed in Ref. El where 
if was also explicifly verified in fhe simple case of quenched QED, where vacuum polar- 
izafion effecfs, arising from fhe presence of loops of dynamical fermions, are neglecfed. 







and in the case of a non-Abelian gauge theory with Nc colours, up to the order 0{g^) 
in perturbation theory. Indeed, the validity of the relation (II3 has been also recently 

verified in Ref.l^by an explicit calculation up to the order 0{g^) in perturbation theory. 

As said in Ref. if Gm and Qe, considered as functions of the complex variable 
T, have in T = oo an “eliminable isolated singular point” [i.e., they are analytic func¬ 
tions of T in the complex region |T| > R, for some R G 5ft''', and the finite limits 
(II lb exist when letting the complex variable T —> oo], then, of course, the analytic 
continuation dH immediately derives from Eq. (fT()l (with |r| > R), when letting 
T —> + 00 . (For example, if Gm and are analytic functions of T in the complex 
region \T\ > R, for some R G 5ft''', and they are bounded at large T, i.e., 3Bm,e £ 5ft''' 
such that \Gm,e{T)\ < Bm,e for \T\ > R, then T = oo is an “eliminable singular 
point” for both of them.) But the same result dH can also be derived under different 
conditions. For example, let us assume that is a bounded analytic function of T in 
the sector 0 < argT < with finite limits along the two straight lines on the bor¬ 
der of the sector: Ge Gei, for (ReT ^ -|-oo, ImT = 0), and Ge Ge 2 , for 
(ReT = 0, ImT ^ -|-oo). And, similarly, let us assume that Gm is a bounded analytic 
function of T in the sector — f < arg T < 0, with finite limits along the two straight 
lines on the border of the sector: Gm —> Gmi, for (ReT —> -|-oo, ImT = 0), and 
Gm —> Gm 2 , for (ReT = 0, ImT ^ — cy). We can then apply the “Phragmen-Findeldf 

theorem” (see, e.g.. Theorem 5.64 in Ref.^^^ to state that Ge 2 = Gei and Gm 2 = Gmi- 
Therefore, also in this case, the analytic continuation dH immediately derives from Eq. 
dlOb when T —> oo. 

2 How a pomeron-like behaviour can be derived 

The relation dHJ allows the derivation of the loop-loop scattering amplitude dD> which 
we rewrite as 


Ri^,.R2±) =-* 2sCm(x ^ -Ri±,^2±), (13) 

Cm being the two-dimensional Fourier transform of Cm, with respect to the impact pa¬ 
rameter ze, at transferred momentum (with t = —^), i.e., 

Cm{X,C = J d^ZEC^^-^'^^CMiX', Ze,RiE,R2±), (14) 

from the analytic continuation 6 —> —ix of the corresponding Euclidean quantity: 

CE{0,t-, Rie,R2±) = J d^ZEd'^^-^^CEie; ze,Rie,R2±), (15) 

which can be evaluated non-perturbatively by well-known and well-established tech¬ 
niques available in the Euclidean theory. 

We remind that the hadron-hadron elastic scattering amplitude Ai (^hh) can be obtained 
by averaging the loop-loop scattering amplitude dH over all possible dipole transverse 
separations Rie and R 2 E with two proper squared hadron wave functions: 

= J Rl±\'4’l{Rl±)\‘^ J d^R2E\'4’2{R2±)\‘^-M.gi-){s,t] RlE,R2±)- (16) 


(For a detailed description of the procedure leading from the loop-loop scattering ampli¬ 
tude M-(ii) to the hadron-hadron elastic scattering amplitude M.(hh) we refer the reader 

to Refs. l^ l ^l^^ l. See also Ref.E^and references therein.) 

Denoting with and the quantities obtained by averaging the corresponding 
loop-loop correlation functions Cm and Ce over all possible dipole transverse separa¬ 
tions .Ri_l and R 2 E, in the same sense as in Eq. (dJ, i.e., 


p{hh) 

'-'M 
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= I d^Ri±\MRi±)\‘' I d^R2±\MR2±)\^ 
= J d^Ri±\MRi±)\^ J d^R2±\MR2±)\^ 

X Ce{ 0 -., ^±,-Ri±,-R 2±), 


(17) 


we can write: 

=-i2sC^J}^\x^ oo,t), (18) 

where, as usual: 

Cg")(x,f) = Jd^ZEe^'^^-^^C^M\x;zE), 


Clearly, by virtue of the relation (O, we also have that: 

c^M\x,t) = 6^^\e^-ix.t). ( 20 ) 

We also remind that, in order to obtain the correct s-dependence of the scattering ampli¬ 
tude (dJ, one must express the hyperbolic angle x between the two loops in terms of s, 
in the high-energy limit s ^ 00 (i.e., x ^ cc): 
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s — mf — 
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( 21 ) 


where mi and m 2 are the masses of the two hadrons considered. 

This approach has been extensively used in the literature in order to address, from a 
theoretical point of view, the still unsolved problem of the asymptotic s-dependence of 
hadron-hadron elastic scattering amplitudes and total cross sections. 

For example, in Ref. El the loop-loop Euclidean correlation functions have been eval¬ 
uated in the context of the so-called “loop-loop correlation model” El in which the 
QCD vacuum is described by perturbative gluon exchange and the non-perturbative 
“Stochastic Vacuum Model” (SVM), and then they have been continued to the corre¬ 
sponding Minkowskian correlation functions using the above-mentioned analytic con¬ 
tinuation in the angular variables: the result is an s-independent correlation function 






Cm{x oo,t; Ri±, R 2 ±) and, therefore, a loop-loop scattering amplitude (fT^ linearly 
rising with s. By virtue of the “optical theorem”, 

^ ^ImAd(fe/j)(s, t = 0), (22) 

this should imply (apart from possible s-dependences in the hadron wave functions!) s- 
independent hadron-hadron total cross sections in the asymptotic high-energy limit, in 
apparent contradiction to the experimental observations, which seem to be well described 

by a “pomeron-like” high-energy behaviour (see, for example. Ref. and references 
therein): 

(^tot\s) ~ f—) , with ; ep ~ 0.08. (23) 

s^QO \So/ 

In Refs. a possible s-dependence in the hadron wave functions was advocated in 
order to reproduce the phenomenological “pomeron-\ike” high-energy behaviour of the 
total cross sections. However, it would be surely preferable to ascribe the universal 
high-energy behaviour of hadron-hadron total cross sections [the only dependence on 

the initial-state hadrons is in the multiplicative constant in Eq. (ESI to the same 
fundamental quantity, i.e., the loop-loop scattering amplitude. (For a different, but still 

phenomenological, approach in this direction, using the SVM, see Ref.^2_) 

The same approach, based on the analytic continuation from Euclidean to Minkowskian 

correlation functions, has been also adopted in Ref.l^in order to study the one-instanton 

contribution to both the line-line (see also Ref. ^|) and the loop-loop scattering ampli¬ 
tudes: one finds that, after the analytic continuation, the colour-elastic line-line and 
loop-loop correlation functions decays as 1/s with the energy. (Instead, the colour¬ 
changing inelastic line-line correlation function is of order s*^ and dominates at high 
energy. In a further paperl^, instanton-induced inelastic collisions have been investi¬ 
gated in more detail and shown to produce total cross sections rising with s.) 

A behaviour like the one of Eq. (El seems to emerge directly (apart from possible 
undetermined log s prefactors) when applying the Euclidean-to-Minkowskian analytic- 
continuation approach to the study of the line-line/loop-loop scattering amplit udes in 

strongly coupled (confining) gauge fheories using fhe AdS/CFT correspondence ElMI 

(In a previous paperE^l the same approach was also used fo sfudy fhe loop-loop scaf- 
fering amplifudes in fhe AA = 4 SYM fheory in fhe limif of large number of colours, 
Nc —> oo, and sfrong coupling.) 

If has been also recenfly proved in Ref. 1^, by an explicif perfurbafive calculafion, fhaf 
fhe loop-loop scaffering amplifude approaches, af sufficienlly high energy, fhe BFKE- 
pomeron behaviouiESl 

The way in which a pomeron-like. behaviour can emer^, using fhe Euclidean-fo- 

Minkowskian analyfic confinuafion, was firsf shown in Ref.in fhe case of fhe line-line 
(i.e., parfon-parfon) scattering amplifudes and can be easily readapfed fo fhe case of fhe 
loop-loop scattering amplifudes. 

One simply sfarfs by wrifing fhe Euclidean hadronic correlation function in a partial- 
wave expansion: 

OO 


( 24 ) 




which, by making a Sommerfeld-Watson transformation, can be rewritten in the follow¬ 
ing way: 
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2i Jc sm(7rj) 


(25) 


where “C” is a contour in the complex /-plane, running anticlockwise around the real 
positive /-axis and enclosing all non-negative integers, while excluding all the singu¬ 
larities of Ai- Eq. (|25j can be verified after recognizing that Pi{— cos 6) is an integer 
function of / and that the singularities enclosed by the contour C of the expression under 
integration in the E( ijESJ are simple poles at the non-negative integer values of /. So the 
right-hand side of (l2^ is equal to the sum of the residues of the integrand in these poles 
and this gives exactly the right-hand side of (El- The “minus” sign in the argument of 
the Eegendre function Pi into Eq. (El is due to the following relation, valid for integer 
values of /: 

Pi{-cos e) = {-l)^Pi{cos 6). (26) 

Then, we can reshape the contour C into the straight line Re(/) = —\- Eq. (El then 
becomes 




T^rn{t)Pa„{t){-COSe) 


sin(7ra„(t)) 
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Re(o„)>-i 

1 Ai{t) Pi {-COS 9) 

2i J-l-ioo Sin(7r/) 
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(27) 


where an{t) is a pole of Ai{t) in the complex /-plane and rn{t) is the corresponding 
residue. We have assumed that Ai vanishes enough rapidly as |/| —> oo in the right half¬ 
plane, so that the contribution from the infinite contour is zero. Eq. (El immediately 
leads to the asymptotic behavior of the scattering amplitude in the limit s —> oo, with a 
fixed t (|t| <C s). In facf, making use of fhe analytic exfension (I20t when confinuing fhe 
angular variable, 9 —> —ix-> we derive fhaf 
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(hh). 
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Re(a„)>-i 


'^rn{t)Pa^(t){- coshx) 
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(28) 


The hyperbolic angle x is linked fo s by fhe relation (EB- The asymptotic form of Pa{z) 
when \z\ —> oo is well known. If is a linear combination of z°‘ and of z~°‘~^. When 
Re(a) > —1/2, fhis lasf term can be neglected. Therefore, in fhe limif s —> oo, wifh a 
fixed t (|/| <C s), we are leff wifh fhe following expression: 


Cm^\x -^oo,t) 


Re(Q:„)>-i 


(29) 







The integral in Eq. d^ . usually called the background term, vanishes at least as lA/i. 
Eq. m allows to immediately extract the scattering amplitude according to Eq. (fT^ : 

M^hh){s,t) =oo,t) -2i ^ (30) 

Re(o„)>-i 

This equation gives the explicit s-dependence of the scattering amplitude at very high 
energy (s —> oo) and small transferred momentum (|f| <C s). As we can see, this am¬ 
plitude comes out to be a sum of powers of s. This sort of behavior for the scattering 

amplitude was first proposed by Reggd^and 1 + an{t) is often called a “Regge pole”. 

In the original derivation!^, the asymptotic behavior was recovered by analytically 
continuing to very large imaginary values the angle between the trajectories of the two 
exiting particles in the f-channel process. Instead, in our derivation, we have used the 
Euclidean-to-Minkowskian analytic continuation (Eg and we have analytically contin¬ 
ued the Euclidean correlator to very large (negative) imaginary values of the angle 9 
between the two Euclidean Wilson loops. As in the original derivation, we have assumed 
that the singularities of Ai{t) in the complex Z-plane (at a given t) are only simple poles 
in In = an{t). If there are other kinds of singularities, different from simple poles, their 
contribution will be of a different type and, in general, also logarithmic terms (of s) may 
appear in the amplitude. 

Denoting with a{t) the pole with the largest real part (at that given t), we thus find 
fhaf: 

ix ~ log ,t) ~ :5(t)s“W. (31) 

This implies, for fhe hadron-hadron elastic scaffering amplifude (130b . fhe following high- 
energy behaviour: 

M^hh){s,t) = -i 2sC^^^\x ^ oo,f) ~ -i 2f3{t) (32) 

and, Iherefore, by virfue of fhe optical fheorem (E2l: 

~ -ImAd(,i,,)(s,f = ) , with : ep = Re[a(0)]. (33) 

S—»oo s \So/ 

We wanf fo sfress fwo imporfanf issues which clarify under which conditions we have 
been able fo derive fhis pomeron-like behaviour for fhe elasfic amplifudes and fhe fofal 
cross sections. 

i) We have ignored a possible energy dependence of hadron wave functions and we 
have fhus ascribed fhe high-energy behaviour of fhe Minkowskian hadronic correlation 
function exclusively fo fhe fundamental loop-loop correlation funclion (fTdl . Wifh fhis 
hypofhesis, fhe coefficienls Ai in fhe parfial-wave expansion (El and, as a consequence, 
fhe coefficienls f3n and an in fhe Regge expansion (El do nol depend on s, bul Ihey only 
depend on fhe Mandelsfam variable t. 

ii) However, fhis is nol enough fo guarantee fhe experimenlally-observed universal¬ 
ity (i.e., independence on fhe specific lype of hadrons involved in fhe reacfion) of fhe 
pomeron Irajecfory a{t) in Eq. d3^ and, Iherefore, of fhe pomeron inlercepl ep in Eq. 
(El- In facl, fhe parfial-wave expansion (El of fhe hadronic correlation function can be 



considered, by virtue of Eqs. (flTl and (HU, as a result o f a p artial-wave expansion of the 
fundamental loop-loop Euclidean correlation function (fTSt . i.e., 

OO 

CE{0,t\ Rie,R21.) = Ri±,R2±)Pi{cos9), (34) 

1=0 

which is then averaged with two proper squared hadron wave functions: 

c’i^\6,t) = Id^Ri±\MRi±)\^ J d^R2±\MR2±)\^CE{e,t-, Ri±,R2±)- (35) 

If we now repeat for the partial-wave expansion the same manipulations that have 
led us from Eq. (|24ji to Eq. ii, we arrive at the following Regge expansion for the 
loop-loop Minkowskian correlator: 

Cnix ^ 00,1] Ri±, R2±) ^ X! bnit] Ri±,R2_l)s°‘"-^^’ (36) 

Re(an)>-i 

where an{t; Ri±, R 2 ±)j^ a pole of Aif] Ri±,R 2 ±) in the complex (-plane. After 
inserting the expansion fehb into the expression for the Minkowskian hadronic correlation 
function, i.e., 

c^m\xA) = Id^Ri±\MRi±)\^Id^R2±\MR2±)\^CMixA; Ri±,R2±), (37) 

one in general finds a high-energy behaviour which hardly fits with that reported in Eqs. 
(131b and with a universal pomeron trajectory a{t), unless one assumes that, for each 

given loop-loop correlation function with transverse separations Ri± and R 2 ±, (at least) 
the position of the pole On(f; Ri±,R 2 ±) with the largest real part does not depend on 
Ri± and R 2 ±, but only depends on t. (Maybe this is a rather natural assumption if one 
believes that the pomeron trajectory is, after all, determined by an even more fundamental 
quantity, that is the line-line, i.e., parton-parton, correlation function.) If we denote this 
“common” pole with a{t), we then immediatelly recover the high-energy behaviour d^ . 
where the coefficient in front is given by: 

m = J d^Ri±\MRi±)\‘' I d^R2±\MR2±)fbn{t-, Ri±,R2±), (38) 

and therefore, differently from the universal function a{t), explicitly depends on the spe¬ 
cific fype of hadrons involved in fhe process. 


In conclusion, we have shown fhaf fhe Euclidean-fo-Minkowskian analyfic-confinuafion 
approach can, wifh fhe inclusion of some exfra (more or less plausible) assumpfions, eas¬ 
ily reproduce a pomeron-like behaviour for fhe high-energy fofal cross secfions. How¬ 
ever, we should also keep in mind fhaf fhe pomeron-like behaviour (El is, stricfly speak¬ 
ing, forbidden (af leasf if considered as a frue asymptotic behaviour) by fhe well-known 
Eroissarf-Eukaszuk-Marfin (EEM) lheoreml221 (see alsoE^I)^ according fo which, for 
s oo: 


TT 


0-tot (s) < ^ log 


mt 


s 

•So 


(39) 


where is the pion mass and sq is an unspecified squared mass scale. 

In this respect, the pomeron-Vik& behaviour (El can at most be regared as a sort of 
pre-asymptotic (but n ot rea lly asymptoticl) behaviour of the high-energy total cross sec¬ 
tions (see, e.g.. Refs. I^EH and references therein). Immediately the following question 
arises: why our approach, which was formulated so to give the really asymptotic large-s 
behaviour of scattering amplitudes and total cross sections, is also able to reproduce pre- 
asymptotic behaviours [violating the FLM bound d^ 1 like the one in (El? The answer 
is clearly that the extra assumptions, i.e., the models, which one implicitly or explicitly 
assumes in the calculation of the Euclidean correlation functions Ce play a fundamental 
role in this respect. This is surely a crucial point which, in our opinion, should be fur¬ 
ther investigated (and maybe also better formulated) in the future. A great help could be 
provided by a direct lattice calculation of the loop-loop Euclidean correlation functions. 
Clearly a lattice approach can at most give (after having overcome a lot of technical dif¬ 
ficulties) only a discrete set of 0-values for the above-mentioned functions, from which 
it is clearly impossible (without some extra assumption on the interpolating continuous 
functions) to get, by the analytic continuation 6 —> —ix, the corresponding Minkowskian 
correlation functions (and, from this, the elastic scattering amplitudes and the total cross 
sections). However, the lattice approach could provide a criterion to investigate the good¬ 
ness of a given existing analytic model (such as: Instantons, SVM, AdS/CET, BEKE and 
so on ...) or even to open the way to some new model, simply by trying to fit the lattice 
data with the considered model. 

This would surely result in a considerable progress along this line of research. 
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